COMPLEX ANALYSIS STUDY MATERIAL

A complex number = 15 an ordered pair | x, ¥ | of real numbers.
Le. =={x,y) xeR. yeR. Complex number system, denoted by C
is the set of all ordered pairs of real numbers (i.e. RxR) with the
two operations of addition and multiplication (+ or =) which satsfy :
() (x, 1) +(x2, p2)=(m+22 4+ +22)
) _ _ (%) (x2. 0m)eC
(i) (g, 0 (22 02 ) = (X X2 - 3y V2. X P2+ 22 )

The word ordered pair means (1, ) and (), %) are distinct unless
X =¥-

Let ==(x,¥): xeR, yeR. ‘x" is called Real part of a complex
number = and it is denoted by r=Rez | (Real part of =) and *yv' 15
called Imaginary part of = and it 1s denoted by y=Im=.

Two complex numbers z) =(x. ) and z; =(x;. ¥, ) are sad
to be equal iff 3 =x,and yy =y, 1.c. real part and imaginary part
both are equal.

About Symbol i
The complex number (0, 1) is denoted by *i* and 15 called the

mmaginary numbser.
it =i.i=(0,1).(0,1)
={0-1, 0+0) by property (i1) abov

=(-1,0)
= |if=-1
Similarly,
P =iti=(-L0).{0,1)=(0-0, —1+0)=(0,-1)
= =i
M =P =(0,-1).{0,1)=(0+1, 0+0)=(L0)-3
= =1

Using this symbol i, we can wnite a complex number (x, y) as x+iy
(Since x+4y=(x,0)+(0.1)(».0)={x.0)+(0, ¥} =(x, y) The complex
number z=(x, ) can be wnitten as z=x+iy

Note: (The set of all complex numbers) C forms a field.



Propetics of complex numbers

Let 5 =(x.m%). 23 =(x3. ¥;) and =z, =[xy, ¥3 )= C.

1)

1)

Closure Law : 5+ eCand 5.5, eC

Commutative Law of addition : =+ =2+

5+ =3 M (X v )= (x+ X%, y+r)=(x+x. Yo+ W)

3)

4)

5)

6)

)

={x:_}-1}+{_t|,_1'1]-=:: +1

Associative Law of addition : =)+ (=, + 5 ) =5+ 2, )+ 5
a+=m+m) =(n.n)+Hxml+Hnnm]
=|a1, 0 ) +Hx+33, 2+3) =ln+m+m. n+p+n)
=[x +32, 3 +32) + 1+ 5) = (3.0 +H e, ) |+ 05)
=(a+=)+5

Existence of additive ldentity : The Complex Number
0=(0,0) Le. z=0+0i 15 called the wentity with respect to
addition.

Existenee of additive Inverse :
For each complex number = e C. 3 a unique complex number

ze Tl 5+2=2+2=0 Le. z=-=,. The complex number =
15 called the additive inverse of =) and it is denoted by == — .

Commutative law of Multiplication : =, .z, =2, 5,

57 =l ){xny) =(n-m-perng-p+non) (1)
and

2.5 =ln,m)lla.nl=la.a-»2 n.02.n+x.0n)

=[x Xy —Vp . WM. - Pa+Xa. ) =25 .5 from (1)

Associative Law of Multiplication : = (2, .2)=(z5.2,).2
zi-(=2-23) = (% ) (%2, ¥2)- (353} ]
=[.'I:'|_._'I'| ':l.'ll..'ﬂl—_i'z._'l'l.. .'I:: ._L'_:I +.'I:'_:| _ll]

= (- x-ya08) -l x5-3a-3a) Xy (-xg+ay ) (-0 35|

=(¥.X2.23-X.¥2. 3% X3. 1+ }1. V2. V3, X1.X2.X34+X.%3.)

FX2.X3- W+ V-V 1) {*)



(=1-22)-z3 =[(m. )22 2 ) iz e ) = (52 = p2e 3 e 32 R ). 0a)

Ennn-mpR-nolnthizi. qnRta Rt onn-pn R

==(=2.23) from (*)

8) Existence of Multiplicative ldentity : 5 . 1=1.5, =z,
The complex number 1=(10} (Le.z=1+0i) 15 called the

identity with respect to multuplication.

9) Existence of Multiplicative Inverse : For each complex
number =; =0, there exists a umique complex number zin C s.t.

n.r=z.5=1 Le. =z L s called the multiplicative inverse of
7
complex number =; and it is denoted by 2=t gre-t,
5

Let z=(x,y) and = =(x, 1)
o =1

ol yMaem)=(L0) = (xy -, o +xy)=(10)
= x.xy-y.n=1.......01) and x_y +x.p=0.....(u)

Equation {i1) = x, - Equation (1) = y,, we get

mpy + xy = 0

- XM - M = N
-_— + —
y|x+37 J=-n
S i)
X+

Substitute equation (i1i) in equation (i1} Le. x. ¥ + y.x =0

—y ) 1
x._'r']=—}'..1']=—{1—}|T] X =x= ._'T] }II X —
N H+m N

X]
]

-={ X - ¥ ]
S R R
q4E af+yd

= is the multiplicative inverse of complex number = ={x, 1 ).




10} Dustributive Law :

:,{:1+:3]=:l_:: +I).:,

Subiraction: The difference of two complex Numbers
= ={%, ¥ ) and
7y =( X3, ¥ ) 15 defined as :

-z =(x.m)—(x.») =(0-%. n-»)

Division: [t is defined by the equality = l_::l =0

f A A

X - | XX+ - —J'I_'l:-l + X _'|| |

={I|1.'||]} = TR 7 = . ¥ l-| b = -_,-.l I
+y I""'"E ] X3 +¥y: a+y )

Geometrical Representation of a Complex Mumber :

Consider a complex number z = x+1y.

LI

Complex number is defined as an ordered pamred of real
numbers.

Le. ==(x, ¥)
v

X

Fig. 1.1

This form of a complex number z suggest that z can be
represented by point (say) P whose Cartesian co-ordinates are x and
v referred (relating) to rectangular axis X and ¥, usually called the

Real and Imaginary axis respectively.

To each complex number there comesponds points in the
plane and conversely, one and only one each point in the plane there

exist one and only one complex number.

A plane whose points are represented by the complex
numbers 1s called Complex Plane or Gaussian Plane or Argand
Plane. Gauss was first who formulated that complex numbers are
represented by points in a plane in 1799 then m 1806 it was done by

Argand.




Vector Representation of a Complex Nombers :
If F is the pomt in the Complex Plane corresponding to

complex number = can be considered as vector OF whose initial
point is the origin *0O° and terminal point 1s P==z=(x.y) as shown in
the figure 1.2.

L
P=z=(x.y)

14

k|
L J
x

Fig 1.2

Conjugate:
If z=x+iyeC then the complex number x—iy is called the

conjugate of a complex number = or complex conjugate and 1t is

denoted h}'; .

g =443 =z=4-3i
w=4+5" =w=4+3e

Ceometrically:

The complex conjugate of a complex number = =(x,y)is the image

or reflection of z in the real axis.

T= x + iy
o -
.
ﬂ'l
i¥ o
R *
o -
= X~
Fig 1.3

Let z=x+iv

Y L] _-+: -_:

" x=Rez and=z=Im=... x=Re==




Definition: The modulus or absolute value of a complex number
z=x+iy 15 defined h}l:l = -,||_1.': + _1'2 .

¥4

Pix yi=z

Fig 1.4

Let = ={x,»). =2 =(%7.¥;) in complex plane is given by

d(z.22)=| 2 -2 | =1.|II|:J-’1-13]1+[J'|-."'3]:
W

‘II .'I:1I:|1.

gl Xy iyl

F.
W
E

Fig 1.5

Polar form of a Complex Numbers :
If #is a point in the Complex Plane corresponding to

complex number z=x+jy=(x. y) and let {r,8) be the polar co-
ordinates of point (x, v} from figure 1.3, x=rcos® and y=rsin8,

where r=.l||_tl+_1.': 15 called the modulus or absolute value of =

(denoted by | =

.
and H=lar|'l|J'-J 15 called the argument or

amplitude of = (denoted by 8=arg zj. Here 8 is the angle between
the two lines OP and the real axis (x- axis).



Exponential form of complex number: A complex number can be

written in the form of==r¢", where r= .1.':+_1.'Ea.n-:|

o
B=tan ! Llj .This 15 known as the exponential form.
X
(Note: & = cosB+isind known as Fuler's Identity)
400
Hute:]*,||e"3|=l 2le ¢ |=1

Solved Examples :
l. Let 5y =1+i,23 =1-21, =1++f3i . Find 1) 2,2 ii) z,/2; iii) = ; iv)
|| v)argiz,) w1} Express z; in polar and exponential form.
Solution:
) nzy=(1+iNl-20)=1-21—i-22 =1-2i—i+2=3-3
I+ 1+ 1+2f 1+2H+i-2 -1+3

|.|._' :t _|':3 =

= W = -
1-24 1-24 1+2 | — 4 5
11} = =1+X
i."l":l = |___H_ =1
I:]|=.Jrr: +37 =~,Ir]3+]: =f2
v] x =Ly =1

< otan @y —an =X
X I 4
vi) 5y = iy{cos By +sinf;)

T T
. =1.E 08 =+ Gi1 =)
= [ r 3

2. Find the principal value of arg 'y’
B=Adrg = -m<B=n

Argi=B=1an '[i] OF

i=z=(ox+iy))

=tﬂﬂ_][%}= I:E.I'l_t{"-t::} ='T

3. Find the principal value of arg(1+)

¥

S or=lwi=(x+iy)



Properties of polar form and exponential form
l)Letzy=n ™ =n{cosf) +isiny ), = =.r:em1 =ry (cosBy +isind;

then =.23 =n.rp{costy +isin® )(cosBy +isinB; ) =n r_u:" f+iz )
=1J

and yg{q_::}:m’g:' +arg :_z[l!'l:l-l:rd.l!‘[} in the sense that ‘thl:}' ane
same but for an integral multiple of 2m.

" e‘“:e‘mﬂ“]. e | peX

oozl _, |r UL EERY

Y

I:|._'E|=|!1JE-|‘3

Mote : | arg =) .z, =arg=) +argz, + 2n where & =0,1 or -1 |

2. Let :.:.lje'ﬂ' nml:1=r1e"g: and =z, =0
A nl[cu&ﬂwrsiuﬁ.} =i£|{gl_g:|
= rﬂmaﬂ: +isinf, )

=2
Let ;y=—land =3 =—i, (-m<Bs<mn)

LR ]

» fj=—l=x+iy = x=-1 and y=0
arg:.=arg{—l]=tan_][‘?f_’|}=mn_|[ﬂ}=lan_l{mnn]=.'r

my=—i=x+iy = x=0and y=-]
srgzy =arg(-1) = ™[/ ) <™ () <ran”! ) <5

arg(z22) = ng(~1.—1) =ang 1) = tan ™"} = an ™" (o) =

g arg[’—']mgr. —arg =; (mod 2)

LI

-+ arg(z .z )=args +arg 2 + 2kn where k=0
Let zj=-1 and =, =i
" 5=-1 = [=x+iy =x=-1 y=0
arg 7, =arg(~1) =tan~'(3/) = e (%/ ) =tan”'(0) ==
W o my=i=x+iy = x=0, y=1

arg =ﬂlﬂ[r’]=t£m_I{%}=tm“'|{}6}=tm“'{u;] =§

E a:g[:,.:2]=arg{—l.r']=ﬂg[—1’]=mn_][%j=mn_][‘}£]

.

=—tan (=) ==
arg| sy .z; ) =arg 5 + arg 73 + 2km where £ =-1

In this case, we get comrect answer by adding -2n to bring within

the interval (— & w).

When principal argument are added together in multiplication
problem, the resulting argument need not be the principle value.



De-Maivre's Theorem :
Theorem: If n is any integer or fraction then

(cosB +isinB)" = cos (mB) + i sin { n)
Example : Find all the fourth roots of z=1+/ and locate these
roots in T plane.

Solution : Let w' =z =1+
. x=l y=1

r=ﬁ=m
Ell=lm1_|{%}=tan_l|{%]=tan_]|[]] E|-=}’{;
" u'd=ﬁ|:M|:E}+i5in[E]i| {polar form)
=ﬁ[cn5[%+1.&ﬂ}+1’5in|{}£+1h}]
[ T+HRET . [ m+2kn _M
u‘:ZJé;_m&[ i ]+15:||1|r ry ]_

Y

where

H‘:E}é; m[rr::kn]“sjn'frnlkn

Fourth roots of equations are

o120, - K[ )
[

L




