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Synopsis    To assess and improve the design aspects during the design and development of HETs, it is essential 
to perform plasma dynamic simulations on these thruster designs. A 2D-3V (two dimensional-three velocity) 
Particle-in-cell Monte Carlo (PIC-MC) model has been used to simulate the standard SPT-100, and the design 
was optimized.  Later, a completely new HET geometry has been simulated with an aim to optimize the thruster 
design with reduced plasma wall interaction. 
 
Of the two primary means of propulsion 

available today for spacecraft mobility, namely 
chemical and electric, electric propulsion (EP) 
is an area of high interest, as the key attraction 
of EP systems has been the requirement of low-
er amount of fuel and highly efficient utilization 
of propellant mass. HETs are electrostatic 
thrusters which utilize a cross-field described by 
the Hall Effect to generate the plasma discharge 
with magnetized electrons and unmagnetized 
ions in the axial electric and radial magnetic 
fields applied in an annular ceramic channel. 

The shape of the magnetic field which en-
traps the energetic electrons inside the channel, 
and the erosion of the discharge channel walls 
are the most crucial design elements that direct-
ly impacts the thruster lifetime and perfor-
mance. Hence theoretical modeling of the plas-
ma dynamics is of great importance, and with a 
right emphasis on theoretical modeling, the iter-
ation cycles required in developing an EPS can 
be reduced. The present work has been done 
with an aim of developing an erosion less HET 
using a theoretical design and microscopic pre-
dictions on the plasma discharge parameters and 
magnetic parameters, and thus to enable an op-
timization and characterization of the modeled 
design. 

The discharge channel plasma and the ion 
beam outside the discharge channel of both 
SPTs have been mathematically modelled using 
the full PIC method of simulation [1] incorpo-
rating the Monte-Carlo Collisions (MCC). The 
geometry of the new HET along with the mag-
netic flux lines has been designed in such a way 
to reduce the plume interaction with the walls, 
and an electrostatic solver has been used for the 
simulation.  

The Xe neutrals are treated as background 
gas and is predefined to give a steady state pro-
file, with maximum density of 1021/cm3 just at 
the exit of the AGD, with a linear density drop 
from anode to exit of the channel. 

 
Figure 1. Plasma potential gradiant (at 0.5μs) in the 
discharge channel. 

 The electrons are assumed to have an initial 
electron energy of 25eV, and the cathode is 
modelled as electron emitter close to exit with 
V=0. The particle collision is handled by MCC, 
and both the electron-neutral collisions and ion-
neutral collisions have been incorporated. 

The simulation was carried out for about 
0.5μs, and it was observed that the plasma po-
tential acquires a steady state within this time. 
The measurements on the exhaust velocities of 
Xe+ from the HET gives a value of above 
20,000m/s. The simulation could also give in-
teresting results on the plasma potential, Xe ion 
density and electron density. 
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A B S T R A C T   

Glass materials with strong physical, structural, and optical properties are in high demand in today’s social and 
industrial sectors. Researchers have recently established the extensive uses of these widely utilized glassy ma-
terials in optoelectronic devices, aerospace, nuclear industries, etc. Optimization usually plays a significant role 
in the synthesis of material. Hence, this article uses the statistical optimization of multiple process parameters of 
the melt quenching technique for rare earth doped barium borate glass 60B2O3-(40-X)BaO-XMO (MO-Er2O3/ 
CeO2 and X = 0.5,1.0,1.5 mol percentage)by Taguchi’s Design of Experiment. The multiple performance char-
acteristics were studied using Grey relational analysis. An experimental format for preparing the Barium Borate 
glass was utilized with a standard L9 orthogonal array designed by Taguchi. Grey relational analysis was used to 
analyze the effects of processing parameters, including melting temperature, the composition of rare-earth oxide, 
and melting time of glasses on density, refractive index, and indirect bandgap. Analysis of variance (ANOVA) 
showed the influence of process parameters on the multiple response parameters as directed by the S/N ratio of 
the response parameter. The prediction of optimal conditions for contributing process parameters to the multiple 
response parameters was estimated efficiently. Additionally, as compared to the initial conditions, the optimal 
confirmatory experiment exhibited a considerable improvement in the response parameters (refractive index, 
density, and indirect bandgap). Grey relational grade and analysis of variance (ANOVA) revealed that melting 
temperature to be sole factor significantly affecting multiple responses with a 95% confidence level. The 
objective of the work is to optimize the melt quenching process parameters and their influence on the physical 
and optical properties of glass for photonic applications. Using this optimization method, melt quenching was 
found to be the most influential parameter contributing about 73–74% in tuning the desired response parame-
ters. The findings also revealed a very less deviation between the statistically predicted and experimental data of 
response parameter, with deviation ranging from 0.37 to 2.14%. This good agreement between experimental and 
predicted values of response parameters indicated the suitability of Taguchi method of optimization for melt 
quenching technique.   

1. Introduction 

Glasses have wide applications due to their excellent optical, me-
chanical, high resistance, thermal and optical properties. Compared to 
polymers and metals, the processing possibilities of glasses are highly 
constrained. Extreme conditions like high temperatures or chemical 
etching are used while shaping glass [1,2]. Hence the idea of designing 

robust glass materials using melt quenching technique finds increasing 
interest due to the expansion of glass in various technologies. Borate 
glass is the most stable glass with alkaline earth oxides (viz., SrO, BaO, 
CaO, MgO), improving glass-forming ability. In Alkaline earth borate 
glasses, these oxides serve as network formers when added in low 
quantities, and when added in high concentrations, they act as glass 
network modifiers [3]. Borate glass serves many scientific and industrial 
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Abstract: The study aimed to develop an empirical formula for phase space factor and nuclear matrix element to analyse

two neutrino double beta decay. The present work also extended to compute phase space factor using Primakoff–Rosen

approximation. Using these two formulae for phase space factors we have computed two neutrino double beta decay half

lives. Comparisons of the calculated half lives with the corresponding experimental values are also done. The empirical

formula predictions are found to be in good agreement with the experimental data. The empirical formula is applied to

various isotopes exhibiting single beta decay and our prediction on the possibility of two neutrino double beta decay will be

very useful for the future experiments.

Keywords: Two neutrino double beta decay; Phase space factor; Nuclear matrix element

PACS Nos.: 23.40.-s; 21.10.Tg; 14.60.Pq

1. Introduction

Pauli’s hypothesis to the existence of neutrino leads to the

development of the theory of beta decay. The weak theory

of nuclear beta decay by Fermi gave hint to the idea of

double beta decay. The double-beta decay is the rarest

nuclear weak process in which two neutrons in the nucleus

are converted into two protons, and two electrons and two

electron antineutrinos are emitted. The process can be

thought as a sum of two beta decays. For the double beta

decay to be possible, the final nucleus must have a larger

binding energy than the original nucleus. It can be classi-

fied into two modes, namely two neutrino double beta

decay (2mbb) and neutrino-less double beta decay (0mbb).

The 2mbb conserves the lepton number and is an allowed

process within the standard model of electroweak unifica-

tion. More than eleven isotopes namely 48Ca, 76Ge, 82Se,
96Zr, 100Mo, 116Cd, 128,130Te, 136Xe, 150Nd, 238U have been

experimentally observed undergoing two-neutrino double

beta decay [1].

The transitions in double beta decay modes may be from

0? ? 0? or 0? ? J? state. 0? ? 0? transition is most

preferable as the other decay rates are suppressed due to

kinematic reasons. The study of other decay modes will be

of importance in distinguishing the role of different

mechanisms involved in 0mbb. Thus the experimental and

theoretical study of nuclear double beta decay is quite wide

in scope and has been excellently reviewed over the past

years [2–22].

The double beta decay probability strongly depends on

the transition energy, Q-value (* Q11 for 2mbb and Q5 for

0mbb). The study of 2mbb decay is quite interesting from

the nuclear structure point of view. There are different

models for calculating nuclear matrix elements (NMEs),

among which two important models are shell model

[23–25] and Quasi Particle Random Phase Approximation

(QRPA) [26–28]. The detection of 2mbb decay provides the

experimental determination of NME involved in double

beta decay process. This leads to the development of the-

oretical scheme for NME calculations both in 2mbb and

0mbb decays [29–32]. The study can yield a careful

investigation of the time dependence of the coupling con-

stant for weak interactions [33–37] which acts as a bridge

for the running of weak interaction coupling from a high

scale era to the present.

The idea of double beta decay was first proposed by

Maria Goeppert-Mayer in 1935 [36]. In 1937 Ettore

Majorana [38] theoretically demonstrated that all results of
*Corresponding author, E-mail: preethinambiarmk@gmail.com
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The decay characteristics of various clusters and neutron halo nuclei from heavy elements
Z = 92−102 are studied within the framework of the Coulomb and Proximity Potential
Model for Deformed Nuclei (CPPMDN) and using a new empirical formula proposed by
us. The predictive power of our formula is verified by comparing the predictions with the
available experimental data and with the predictions of other models such as CPPM,
Universal Decay Law of Qi et al. (UDL), Unified Description formula (UD) of Ni et al.

Using the present formula and CPPMDN, decay half-lives of various light clusters from
heavy elements are calculated, and the results are compared with the predictions of UDL,
UD, and predictions made by Santhosh et al. based on the Modified Generalized Liquid
Drop Model (MGLDM). The decay half-lives of halo nuclei from heavy elements are also
calculated using the new formula and CPPMDN and compared with the predictions
of UDL, UD, and the predictions made by Santhosh et al. based on the Coulomb and
Proximity Potential Model (CPPM).

Keywords: Nuclear deformation; halo nuclei; cluster decay.
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Cluster preformation probability in heavy nuclei is studied using the empirical formula
of Ni et al., Dong et al., and four new formulae of Santhosh et al. The predictions of

these formulae are then compared with the preformation probabilities extracted from

the experimental decay half-lives using the Generalized Liquid Drop Model (GLDM),
Density Dependent Cluster Model (DDCM), and Unified Fission Model (UFM). It has

been found that except for the isospin-dependent formula of Santhosh et al., all other
formulae predict much larger preformation probability than the experimentally extracted

values. Further, we propose four new empirical formulae for the cluster preformation

probability in heavy nuclei, and the predictions are compared with the experimentally
extracted values using different theoretical models. It is found that the predictions of

all the four proposed formulae are in good agreement with the predictions of various

theoretical models.

Keywords: Cluster Radioactivity, Preformation

PACS Numbers: 23.60.+e; 23.70.+j; 27.90.+b

1. Introduction

The spontaneous emission of particles heavier than the alpha particle but lighter

than the fission fragments from unstable nuclei is referred to as cluster radioactiv-

ity. The possibility of cluster emission was predicted by Sandulescu, Poenaru, and

Greiner1 in 1980, and the first experimental observation of the emission of 14C from
223Ra was made by Rose and Jones in 19842. Followed by this emissions of various

cluster families like 14C, 20O, 23F, 24,26Ne, 28,30Mg, and 34Si were experimentally

observed and the corresponding decay half-lives were measured. The majority of

these spontaneous decays produced the daughter element 208Pb, which is doubly

1
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A R T I C L E I N F O A B S T R A C T

Keywords:

Two proton decay
Half life

We proposed an empirical formula for the half-life of two proton emissions in the ground and excited states. 
The proposed empirical formula has a half-life dependence on the 𝑄-value and the atomic number of the parent, 
similar to the Geiger-Nuttall law and the Viola and Seaborg formula. The half-lives of 6Be, 12O, 16Ne, 19Mg, 
45Fe, 48Ni, 54Zn, and 67Kr nuclei are calculated using the present empirical formula. The empirical formula has 
the lowest standard deviation with experimental data (𝜎 = 1.39) compared to previously predicted formulas, 
indicating that the formula can reproduce the experimental half-lives well. The predictions of the half-lives are 
made for another 56 nuclei whose two-proton emission is energetically feasible (𝑄2𝑃 > 0). These half-life values 
are compared with five theoretical models and two empirical formulas. The predicted half-lives are in good 
agreement with other theoretical predictions. The predicted half-lives of two-proton emission in the excited 
states of 14O∗, 17,18Ne∗, 22Mg∗, 29S∗, and 94Ag∗ nuclei are compared with the experimental half-lives and also 
with different models’ and formulas’ predictions. The experimentally observed half-lives of the excited states are 
better reproduced using the proposed formula compared with previous theoretical predictions. Only the proposed 
formula can reproduce the experimental half-lives of 94Ag∗ in excited states.

1. Introduction

The nucleus spontaneously emits a pair of protons beyond the pro-
ton drip line, and this exotic two-proton radioactivity was predicted by 
Zel’dovich six decades ago [1]. One proton emission is the most com-
mon decay mode for odd-proton-number nuclei. However, in the case of 
even proton-number nuclei lying near the proton drip line, two-proton 
emission may occur due to proton pairing. Two protons tunnel through 
the potential barrier of the parent nucleus, just like in the alpha cluster 
or exotic cluster decay processes. Several theoretical and experimental 
studies are still progressing on two-proton decay. These investigations 
help us understand the interaction among the nucleons and provide de-
tails about the nuclear structure.

The experimental confirmation of two-proton radioactivity was de-
layed due to limitations in detection technology and radioactive beam 
facilities. After a few decades, the probability of the two proton de-
cay widths of 12O and 16Ne was reported by KeKelis et al. [2]. Kryger 
et al. identified the two-proton emission of 12O by using a 13O projec-
tile via single neutron stripping [3]. Later, true two-proton decay in the 

* Corresponding author.
E-mail address: bijurkn@gmail.com (R.K. Biju).

ground state was confirmed experimentally in the 45Fe isotope at GSI 
[4] and GANIL [5] in 2002. At GANIL, two-proton emission of 54Zn 
was discovered in 2005 [6], and then two proton decay of 48Ni was 
identified [7]. Mukha et al. discovered the two-proton radioactivity of 
19Mg in 2007 by analysing the decay products [8]. An experiment with 
the BigRIPS separator reported the two-proton emission of 67Kr [9]. 
The extremely short-lived two-proton emission is experimentally ob-
served in 6Be [10] and 16Ne [11]. Goldanskii [12] and J. Anecke [13]
first began the theoretical studies to identify the two proton-emitter 
nuclei. Two-proton emission was first theoretically described by Gal-
itsky and Cheltsov [14]. There are many theoretical models to explain 
two-proton radioactivity, such as the screened electrostatic barrier [15], 
the Gamow-like model [16], the direct decay model [17], the diproton 
model [18], the three-body model [19], the simultaneous and sequen-
tial decay model [20], the unified fission model (UFM) [21], and the 
coulomb and proximity potential model (CPPM) [22]. Fengzhu Xing et 
al. studied the two-proton decay half-lives using the Skyrme-Hartree-
Fock method [23]. B. A. Brown et al. calculated the two proton decay 
half-lives of 45Fe using the R-matrix approach [24]. J. Rotureau et al. 

https://doi.org/10.1016/j.nuclphysbps.2023.07.013
Received 4 March 2023; Accepted 30 July 2023

2405-6014/© 2023 Elsevier B.V. All rights reserved.
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Keywords:

Alpha decay
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Possible decay modes of 282−310Og are studied within the framework of the Coulomb and Proximity Potential 
Model (CPPM), Universal Decay Law (UDL) and the Hatsukawa formula. A new diffusion parameter and a new 
preformation factor are included in the CPPM Model calculations. We have refitted the Hatsukawa formula to 
calculate the alpha and cluster decay half-lives in the superheavy region. The spontaneous fission (SF) half-

lives are calculated using the shell correction energy-dependent formula of Santhosh et al. The predicted alpha 
decay half-lives are compared with the predictions of the UDL formula; and the predictions of Soumya et al. 
and Koyuncu et al. Possible heavy cluster decays from 284−297Og are also studied within the UDL formula and by 
using the empirical formula of Hatsukawa et al. with new fitting parameters, and a comparison is made with the 
predictions of Santhosh et al.

1. Introduction

Theoretical and experimental studies [1–6] revealed that the dom-

inant decay modes in stable heavy and superheavy nuclei are alpha 
decay and spontaneous fission. The alpha decay process is considered 
a quantum mechanical tunneling of the alpha particle through the po-

tential barrier imposed by the parent nucleus. The first successful ex-

planation of alpha decay from a nucleus was provided by Gamow [7]

and by Gurney and Condon [8]. The alpha decay studies are so im-

portant as they could predict the nuclear structural properties of the 
emitter as well as helps to identify the unknown elements through the 
alpha decay chains. The stability of nuclei can be predicted from the 
alpha decay and spontaneous fission half-lives. The stability of super-

heavy nuclei is strongly influenced by the shell effects and the alpha 
decay studies will help to identify possible new magic numbers in the 
superheavy region at which the shell closure occurs. Apart from sponta-

neous fission and alpha decay, heavy and superheavy nuclei can decay 
through the emission of heavier particles and the process is known as 
cluster radioactivity [9–12].

Many theoretical and empirical models were introduced to study 
the cluster and alpha emissions from heavy and superheavy elements. 
Theoretical models such as the Liquid Drop Model [13], Generalized 
Liquid Drop Model (GLDM) [14], Density Dependent Cluster Model 
[15], Relativistic Mean Field (RMF) Theory [16], Coulomb and Prox-

* Corresponding author.

E-mail address: bijurkn@gmail.com (R.K. Biju).

imity Potential Model (CPPM) and the Double Folding Model [17], etc. 
are widely used for accurate prediction of alpha and cluster decay prop-

erties of heavy elements. The application of these theoretical models is 
also extended to the superheavy region in recent decades [18–20]. Em-

pirical formulae of Poenaru et al. (UNIV) [21], Analytical formula of 
Royer [22], Universal Decay Law (UDL) [23], Unified Description Law 
(UD) [24], Viola-Seaborg semi-empirical formula (VSS) [25], the for-

mula of Santhosh et al. [26], etc. are extensively used for describing the 
alpha and cluster decay half-lives of heavy and superheavy elements. 
The empirical formula of Xu et al. [27], the formula of A Soylu [28], and 
the modified formula of Santhosh et al. [29] including shell correction 
energies are widely used for predicting spontaneous fission half-lives.

In the past two decades, with the improvement in the experimen-

tal facilities, the synthesis of superheavy elements with Z = 107–112
was accomplished through cold fusion reactions at GSI, Darmstadt 
in Germany. Hot fusion processes were used to create elements with 
Z = 113–118 at the Joint Institute for Nuclear Research–Flerov Labora-

tory of Nuclear Reactions (JINR–FLNR), Dubna [4,30,31]. The alpha 
decay chains of the last synthesized superheavy element 294Og were ex-

perimentally studied and found that 294Og has an alpha decay half-life 
of 0.89 milliseconds [32]. Many experiments were conducted to synthe-

size elements with Z > 118 and have not succeeded to date. Theoretical 
predictions on the existence of superheavy elements with Z = 122, 124, 
126, and 128 were also made by many research groups [33–37].
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Introduction 
 

Double beta decay is a radioactive decay 

process where a nucleus releases two beta rays as 

a single process. Here two neutrons in the 

nucleus are converted to two protons, and two 

electrons and two electron antineutrinos are 

emitted. In order for beta decay to be possible 

the final nucleus must have larger binding energy 

than the original nucleus. Double beta decay is 
difficult to study in most practically interesting 

cases, because both beta decay and double beta 

decay are possible, with probability favouring 

beta decay, the rarer double beta decay process is 

masked by these events. Thus double beta decay 

is usually studied only for beta stable nuclei. 

Like single beta decay, double beta decay does 

not change the mass number A. It is a second-

order weak process in which two neutrons inside 

a nucleus spontaneously transform into two 

protons. More than 60 naturally occurring 

isotopes are capable of undergoing double beta 
decay. Only ten of them were observed to decay 

via two neutrino mode. The ββ decay can be 

broadly classified into four experimentally 

distinguishable modes. The present work is an 

attempt to study the Two Neutrino and 

Neutrinoless Double Beta Decay processes. 

 

Studies on single beta decay process 
 

We have made an attempt to study[1] the 

possibility of β- decay from various isotopes in 

the heavy region with Z ranging from 80-99 

using the empirical formula of Fiset and Nix. It 

is clear from the computed values that, beta 

decay half lives decreases with increase in 

neutron number. That is, beta decay occurs in 

isotopes which are neutron rich. Atoms which 

undergo beta decay are located below the line of 

stable elements on the chart of the nuclides, and 

are typically produced in nuclear reactors. The Q 

value for a reaction is the amount of energy 

released by that reaction. The value relates to the 
enthalpy of a chemical reaction or the energy of 

radioactive decay products. It is obvious that 

neutron number of the parent and the decay 

energy have a good role in the beta decay half 

lives. Hence we modified the empirical formula 

of Fiset and Nix and is given as, 
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From experimental beta decay half-life values of 

101 nuclei, the estimated standard deviation for 

the present formula prediction and the formula 

predictions of Fiset and Nix are 1.991417 and 

2.333264 respectively. It is clear that the present 

formula prediction is better than the formula 

prediction of Fiset and Nix.  

One of the main applications of Bethe-
Weizsacker semi empirical mass formula is the 

prediction of the most stable isobar of a given A 

against beta decay. The Z value of such isobar 

(ZA) is given by minimizing the atomic mass 

including the mass of electron from the semi 

empirical mass formula.  We have computed the 

ZA value for different isobars in the heavy region 

with mass number varies from 200 to 250. It is 

found from the plot that ZA values show a linear 

relationship with the mass number. From the 

linear dependence of mass number and ZA value, 
we have developed an empirical formula [2] for 

the most stable isobar of a given A against beta 

decay. We have also compared the present 

formula predictions with those obtained from 

Bethe-Weizsacker formula. It is found that our 

present formula predictions are in close 

agreement with the formula predictions of Bethe-

Weizsacker formula. We would like to point out 

that the present formula is much simpler as 

compared to other empirical formulae. Hence the 

present equation is better to identify the stability 

of the isotopes against beta decay in the heavy 
region. We have also studied the mass parabolas 

for different nuclides with mass number ranging 
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Introduction 
 

Studies on exotic fragments lying on the 

edges of nuclear stability is one of the active 

current areas in nuclear Physics and many 

hundreds of studies have carried out since its 

discovery in the mid-1980s [1]. Exotic nuclei are 

characterized by large N/Z asymmetry and they 
differ remarkably from other stable and near 

stability elements through their short lifetime, 

large rms radii, low binding energy, small 

separation energies etc. Among different types of 

exotic nuclei in the nuclear landscape, our area 

of interest is limited to the proton rich nuclei 

beyond the proton drip line. The last few decades 

brought considerable progress in synthesizing 

and studying the properties of exotic nuclei [2]. 
The main experimental difficulty for most of the 

exotic nuclei is their very low production yield. 
In the present work, we have studied the 

structure of the exotic nuclei 10C, 13,14O from the 

separation energy and driving potential 

calculations. Further, we have studied their 

decay possibilities from the superheavy parent 

nuclei within the range Z=103-114. 
 

Exotic nuclei S(1p)               S(2p) 
10C 4.007 3.821 
13O 1.512 2.112 
14O 4.627 6.570 

Table 1. 1p and 2p separation energies of 
various exotic nuclei. 
 

The model 
1p and 2p separation energy for any nuclei 

in terms of mass excess can be calculated as 

S(p) = - ΔM (A, Z) + ΔM (A-1, Z-1) + ΔMH 

S(2p) = - ΔM (A, Z) + ΔM (A-2, Z-2) + 2ΔMH  

ΔM (A, Z), ΔMH, ΔM (A-1, Z-1), ΔM (A-2, Z-2) 

are the mass excess of the parent nuclei, mass 

excess of proton, mass excess of daughter nuclei 

produced in the 1p and 2p radioactivity 

respectively. 

        The interacting potential barrier for a parent 

nucleus exhibiting exotic decay is given by  

 
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      for Z >0                (1) 

Here Z1 and Z2 are the atomic numbers of 

daughter and emitted cluster; ‘r’ is the distance 

between fragment centers, l  the angular 

momentum,   the reduced mass and Vp is the 

proximity potential. The barrier penetrably P is 

given as:  
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                 (2) 

 The turning points ‘a’ and ‘b’ are given 

by QbVaV  )()( , where Q is the energy 

released. The half life time is given by                 

   T1/2 = ln2/νP.                           (3) 

Where, ν = 2Ev/h, represent the number of 

assaults on the barrier per second and Ev, the 

empirical zero point vibration energy. 
 

Results and Discussions 
In this section we present the numerical 

results obtained from the separation energy, 

potential energy and half-life calculations.  

Separation energies of the selected nuclei are 

included in the table 1. It is clear from the table 

that 13,14O show low S (1p) than S (2p), whereas 
10C show S(1p)>S(2p). 

Further, we have calculated the driving 

potential using CPPM [3], to identify the most 

probable cluster- core configurations. Driving 

potential is the difference between the interaction 

potential and the decay energy of the reaction 

(for touching configuration, z=0), for each nuclei 

with its all possible cluster core configurations.     
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