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Abstract. In this paper we present some results on K-frames when K E B(H) is 
an injective closed range operator. Also we give a condition on K-frames Un}nEN 
and {gn}nEN so that {f n + gn}nEN is again a K-frame for H. Finally, Schatten class 
operators are also discussed in terms of K-frames. 
Keywords: K-frames, Schatten class operators. 

1. Introduction

Frames in Hilbert spaces were introduced by R.J. Duffin and A.C. Schaffer. 
Later Daubechies, Grossmann and Meyer gave a strong place to frames in har
monic analysis. Frame theory plays an important role in signal processing, sam
pling theory, coding and communications and so on. Frames were introduced as 
a better replacement to orthonormal basis. We refer [2] for an introduction to 
frame theory. 

K-frames were introduced by L. Gavruta, to study atomic systems with
respect to bounded linear operators. K-frames are more general than classical 
frames. In K-frames the lower bound only holds for the elements in the range 
of K. 

Some basic definitions and results related to frames and K-frames are con
tained in section 2. In section 3 we have included some new results on K-frames. 
Section 4 contains our main results relating K-frames and operators in Schatten 
classes. 

Throughout this paper, H is a separable Hilbert space and we denote by 
B ( H), the space of all linear bounded operators on H. For K E B ( H), we 
denote R(K) the range of K. Also, GL(H) denote the set of all bounded linear 
operators which have bounded inverses. 
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1 Introduction 

Communicated by Harikrishnan Panackal 

The first author acknowledges the financial support of University Grants Commission. Also the authors like to thank the 
Editors and Reviewers for the valuable comments and suggestions that helped to improve this manuscript. 

Abstract Recent studies on K-frames show that parseval K-frames can be used to manage 
data loss in signal communication. So the construction of parseval K-frames is desirable and 
scaling is the easiest way for this construction. In this paper we deal with K-frames which can 
be scaled to parseval K-frames and tight K-frames and we term such K-frames as scalable K 
frames and A-scalable K-frames respectively. We prove some of the results related to scalable 
K-frames. Also we give characterization result for scalable K-frames. 

Frames Hilbert spaces were introduced as a generalization of orthonormal bases, by R. J. 

Duffin and A. C. Schaffer in I956. Frames have their own advantages compared to bases. The 
main advantage is the redundancy of frames. Frames span the whole Hilbert space, but the 
representation of an element using frames need not be unique. This flexibility makes frames an 
important tool in different areas of research, in theory and in application. Frame theory plays an 
important role in signal processing, sampling theory, coding and communications and so on. We 
refer (7] for an introduction to frame theory. 

2 Preliminaries 

For different applications in theory and application, some special kinds of frames have been 
introduced. One such frame is K-frame. The concept of K-frames was introduced by L. Gavruta 
[6], to study atomic systems with respect to bounded linear operators. K-frames are more general 
than classical frames. Although the span limit of K-frames is restricted to range of K, this 
generality of K-frames makes K-frames practically important. 

G. Kuttyniok, K. A. Okoudjou, F. Philipp, and E. K. Tuley in [4] introduced Scalable frames. 
Scalable frames have a wide range of applications. Recent studies on K-frames shows that K 
frames can be used to deal with the problem of data loss in signal communication. Parseval K 
frames and tight K-frames are mainly used for this purpose. So we are interested in constructions 
which modify a given K-frame into a parseval K-frame or a tight K-frame. The easiest way to 
get a K-frame from a given K-frame is by scaling the vectors. So it is desirable to have a 
characterization of K-frames which can be scaled to parseval K-frames or tight K-frames. We 
term such K-frames as scalable K-frames and A-scalable K-frames respectively. 

Some basic definitions and results related to frames and K-frames are contained in section 

2. In section 3 we have proved some lead off results on scalable K-frames. Section 4 contains 
our main result which characterizes scalable K-frames. Throughout this paper, H represent a 
complex separable Hilbert space, B(H), the space of all linear bounded operators on H. For 
Ke B(H), we denote R(K) the range of K and D(K) the domain of K. Also, N denote the 
finite or countable index set. 

In this section we give some basic definitions and results about frames and K-frames. For several 
generalizations and applications in frame theory, refer [1, 2, 3,9, 10]. 

Definition 2.1. (7] For a separable Hilbert space H, a sequence (f}nEN C H is said to be a 
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That is, there exist a non-negative bounded diagonal operator D in (N) such that KK* 
T;D²T;. Now for the converse, suppose there exist a non-negative bounded diagonal operator 
D in (N) such that KK' = T;D'Tr. This implies that 

Sithara Ramesan and K. T. Ravindran 

References 

(a? + a)S.e)en + as (f, ea)es = 2(/.ei)e, + (f.ea)ez 
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Abstract. We investigate the scalability of K-frames and derive a characterization for 
scalable K-frames. We investigate whether or not a particular K-frame is scalable, as well 
as the existence and uniqueness of scalings. Using the concept of trace of an operator, we 

analyse the possible scalings, if a given K-frame is scalable. In C", we look at the scalability 

of K-frams independently. 

Frames in Hilbert spaces were introduced by R. J. Duffin and A. C. Schaffer while 
working on nonharmonic Fourier series. Later Daubechies, Grossmann and Meyer 

gave a st rong place to frames in harnonic analysis. Frane theory have wide range of 
applications in signal processing, sampling theory, coding and communications etc. 
Both orthonormal bases and frames in separable Hilbert spaces can be used to express 

any vector in the Hilbert space. However, the advantage of frames over orthonormal 
bases is their redundancy. Some particular types of frames have been suggested in 
theory for various applications. One such frame is K-frame. Notion of K-frames were 
introduced by L. Gavruta, to study atomic systems with respect to bounded linear 
operators. K-frames are more general than frames. The span limit of K-franes is 

restricted to R(K). Scalability of frames was introduced in (6]. 

2020 Mathematics Subject Classification: 42C13, 47A63 

In this paper we study about the scalability of K-frames. Recent studies on 
K-frames show that Parseval K-frames can be used to manage data loss in signal 
communication. So the construct ion of Parseval K-frames is desirable and scaling 

is the easiest way for this construction. In this paper we deal with K-frames which 

can be scaled to ParsevalK-frames and tight K-frames and we term such K-frames 
as scalable K-frames and A-scalable K-frames, respectively. We prove some of the 

results related to scalable K-frames. Also we give characterization result for scalable 

K-frames. 

Keyuords and phrases: Frames; K-frames; scalable K-frames. 
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This implies 
THEOREM 5.3. Let (f, heM be a scalable K-frume in C" uith |,| = 1 for all j. 
Then M has a subset N such that {S,}yex is scalable and (SJ,'hEN is linearly 

e 4, = 1. 

Scalable K-frames 

REFERENCES 

Proof. Using Theorem 5.2. we get.. e con{f,f,'heM. From Theorem 2.6 

and Theorem 2.7, it follows that there exists a subset J M such that 

con(f,f," }seJ. and {ff he is linearly independent. 
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ON THE r-INTEGRALS INVOLVING THE I-FUNCTIONS OF 

M. SUNITHA',P. C. SREENIVAS² AND T. M. VASUDEVAN NAMBISANS 
Department of Mathematics, Govt. Brennen College, 

Dharmadam, Thalassery Kannur Dist., Kerala -670106, India 
2 Department of Mathematics, Payyanur College, 
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SEVERAL VARIABLES 

1. Introduction 

Notations used: 

3 Retired Professor and Head, Department of Mathematics, 
NAS College, Kanhangad, India. 

ner: 

The object of this paper is to obtain the r-integrals involving the I-functions of 
several variables. On specializing the parameters similar results can be derived in 
the case of I-functions of two variables and H functions of r and two-variables which 

include the result proved by Prasanth and Nambisan (2, p.102]. 

Abstract 

1(a;; a,, A,), stands for (a1; a1, A), (az; a2, Ag), . (a,; ap, A,). 
The generalized Fox's H-function, namely I-function of r-variables introduced by Prathima, 

Nambisan and Santha Kumari (3, p.38] is defined and represented in the following man 

Key Words : I-function of two and several complez variables, Multivariable H-functions. 
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(2Tw)" JLi 

d(91,, &,) = 

where (81, ** , S,) and ;(si), i = 1,2, ,r are given by 

0:(s:) = 

numbers. 

M. SUNITHA, P. C. SREENIVAS & T. M. VASUDEVAN NAMBISAN 

p 

0,N:m ,|; ;mr,n, 

j=1 

A;= 

j=l 

J=m,+1 

/r(1-+£)4 

N 

P 

Ër(i-+") 

Also zi 0 (i = 1, ,r), w = V-1, mj, nj,Pj, 4; (G = 1, ,r), N, P, Q are non 
negative integers such that 0 s NS P, Q > 0, 0< m, < qj, 0 s nj < P; 

(G = 1,2, . ,r) (not all zero simultaneously). a G = 1,2, **. ,P,i = 1,2, ,r), 
8 G= 1, 2, - ,Q.i= 1,2, -. ,r), G= 1,2, 

The exponents A, (j = 1,2,* ,P), B, (j = 
1,2, , r) and D" (G = 1, 2, . qi, i = 1,2, 
take integer values. The I-functioi of r-variables is analytic if 

j=1 

j=N+1 

j=n,+1 

,P,i= 1,2,** ,r) and 6 (G = 
1,2, *. ,r) are positive numbers. a, (G=1,2, . ,P), b; (G=1,2,,9), 
P,i= 1,2, -* ,r) and d" G= 1,2, q1, i = 1,2, 

j=1 

j=1 

(o-) 

(ej0 - ) 

The integral (1.1) converges absolutely if \arg(z+)| < mAi,i= 1,2, ,r where 
mË 

j=1 

j=1 

1,2, .,), C G= 1,2, ,pi,i = 
,r) of various gamma functions may 

(1.1) 

(1.2) 

<0,i= 1,2, ,r. 

(1.3) 

j=m;t1 

,r)are complex 
1,2, ,qi, i = 
c G= 1,2, 
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AN EXPANSION FORMULA FOR THE /-FUNCTIONS OF 
SEVERAL VARIABLES 
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1. Introduction 

Retired Professor & Head, Department of Mathematies, 
NAS College, Kanhangad, India 

Mahat1na Gandhi College, Iritty, Kannur District, Kerala, India 

Notations and Results used : 

3 Departnent of nathematics, 

In this paper an expansion formula for the 1-function of several variables has been 
obtained. Many interesting new restlts can be obtained by specializing the param 
eters of the /-functions of several Variables. 

Abstract 

(a), stands for a(a + 1) (a +n-1) 

i{a,:a, ,a,A,), stands for (a1: af",.,af, A). (ag: a, 
,a: Ag),:. , (apiaf,.. ,a;A,) 

Key Words : 1- function of several variables. 
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I|1, ,zrl= 1,m1,M1i :m,n, 

p(81,* ,8r) = 

P. C. SREENIVAS, T. M. VASUDEVAN NAMBISAN & VIDYA T. M. 

The generalized Fox's H-function, namely I-function of r-variables introduced by Prathima, 

Nambisan and Santha Kumari (6, p.38] is defined and represented as: 

0.(8:) = 

where o(s1, ** , 8) and 0:(8:),i = 1,2, · ,r are given by, 

(o), = (o+n) 

p.P41:Pr4r 

p 

j=1 

j=l 

ra) n21. 

/r(1-+2)r(-#) 

j=m,+1 

a G= 1,2, ,p,i = 1,2,- ,r), " G= 1,2, --- ,4,i= 1,2, ,r), 

j=1 

j=1 

Also 2, 0(i = 1, ,r), w = V-1, mj, nj, Pj 4; G= 1," ,r), n,p,q are non-negative 
integers such that 0<nsp,q 2 0,0 S mj S , 0< nj SP j = 1,2, ,r) (not all 
zero simultaneously). 

(1.1) 

" G 1,2, 
positive numbers. 

a, (j = 1,2, - ,p), b, j = 1,2, ,q), e G = 1,2, 
d" G = 1,2, , qi.i = 1, 2, ,r) are complex numbers. 

1,2,* p), B, (G = 1,2, ,q), C" Gj = 1,2,* P,i= 1,2,* ,r) and D" j= 

1,2,** 4, i = 1,2,** r) of various gamma functions may take non integer values. 

(1.2) 

j=l 

(1.3) 

(1.4) 

,P,i = 1,2, . ,r), And 6," (Gj = 1,2,* 4i = 1,2, ,r) are 

i=1,2,** ,r. 

Pi,i= 1,2, -- - ,r), and 
The exponents A, j = 

The 1-functiion of r-variables is analytic if 
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ON LINEAR GENERATING RELATIONS INVOLVING 

I-FUNCTIONS OF r-VARIABLES 

P. C. SREENIVAS', T. M. VASUDEVAN NAMBISAN? AND T. M. VIDYA3 
1 Department of Mathemantics, 

Payyanur College, Payyanur, Kannur District, Kerala-67O327, India 
? Retired Professor & Head, 

Department of Mathematics NAS College, Kanhangad, Kerala, India 
3 Departnent of Mathenatics, 

Mahatma Gandhi College, Iritty, Kanur District, Kerala, India 

The object of this paper is to derive four linear generating relations involving the 

- functions of r-variables. Special cAses include the restult proved by Lawrynovicz 

[2 

1. Introduction 
Notations and Results used : 

(a), stands for a(a +1)(a +n - 1) 

Abstract 

i(a,; a,.* ,a:A,), stands for (aj; a",,a: A).(az:a',.of': A). 

...(ap: a, (a + p;a, (a; A,) 

(a), = 
r(a t "n21: 
T(a) 

Key Words : 1- function of r- variables, H-function of r- variables, 

O http: //www.nscent-journals.com 
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JL 

I1,)=pQp11prar 

r(1 -a -n) (-1)" 
r(a) 

0.(91) = 

n=0 

j=1 

(a)a)"=(1- )-" n 

TRrl 91(*1)-0, (9,)o(*1, ,s,)da- ds,, 

j=n,+1 

(a), 

n! 

The generalized Fax's H-function, namely I-funct ion of r-variables introduced by Prathima, 
Nambisan and Santha Kumari (3,p.38] is defined and represented as: 

where (81, ,s) and (si),i = 1,2, ,r are given by 

/=N+1 

ir-ra-+') 

(1.2) 

j=n,+1 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

(1.7) 

Also 0 (i = 1,. ,r),w = -I, m,, n, P,,4, G = 1, ,r), N,P.Q are non 
negative integers such that 0N s PQ -, 0 < mj S j, 0S nj S P) 

G= 1,2, - ,r) (not all zero simultaneously). a G = 1,2, ,P.i = 1,2, ,r), 
B G= 1,2, .Q. i = 1,2, -*. ,r), ," G = 1,2,- p.i = 1,2,. ,r) and 5," (G = 

1,2, q,i= 1,2, . ,r) are positive nunbers. a, (j = 1,2, 

,r) are com 

Q), C" G = 

.,P), b, (j = 1,2, .Q), 
e"G= 1,2, ,Pi, i = 1,2, ,r) and d" j = 1,2, *,q:i= 1,2, 
plex numbers. The exponents A, G = 1,2, ,P), B, G = 1,2, 
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1. Introduction 

The object of this paper is to obtain a solution of a heat couduetion problem in 
a sqare plate by sing the lelp of 1-functios of several variables. Special cases 
include the results proved by Ambika A and S, S. Srivastava and Ritu Srivutava 
G ,p.78-80 

Notations and Results used : 

PLATE 

(a), stands for a(a + 1) (a +n- 1) 
r(a+n 

(a,) = am 

square plate. 

Abstract 

i(aj;aj, A,), stands for (a:a,A). (a2. a2, A2), .(ap:ap, A,). 
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The I- function of r-variables int roduced by Prathima, Nambisan and Santha Kumari 
[4.p.38 is defined and represented as: 

= 

I|1,. ]=Ipo 

where 

o($1,8-) = 

P.C. SREENIVAS, T. M. VASUDEVAN NAMBISAN & P. V. MAYA 

8(*1) = 

.Ni 

P 

= 

j=mi+1 

(1.1) 

(1.2) 

(1.3) 

Also z 0 (i = 1, ,r), w= V-1, m,, n,.Pj.4, 
negative integers such that 0 S N PQ2 0, 0 
G= 1,2, . ,r) (not all zero simultaneosly), a" G= 
B G= 1,2, -- .Q.i= 1,2, - ,r), ," G = 1,2,- -P.i=1,2, ,r) and 6," G= 
1,2, ,q,i= 1,2, ,r) are positive numbers. a, j = 1,2,- P).b, j = 1,2, ,Q). 
e"G= 1,2,- Pi= 1,2, * ,r) and d" G = 1, 2.- .4,:i = 1,2, ,r) are com 
plex numbers. The exponents A, (j = 1,2, ,P), B, G = 1,2, - .Q), C" G = 

= 1,,r), N, P,Q are non 

m, S 4. 0 S n, S P) 
1,2,*** , P,i = 1,2, ,r). 

1,2, ,P,i= 1,2, ,r) and D G= 1,2, - .q, i= 1,2, * ,r) of various gamma 
functions may take non integer values. 

The -function of r-variables is analytic if 
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The object of this paper is to evaluate an integral involving the product of an 
Incomplete Gamma function, Generalized Struve's function and the I-function of 
several complex variables. On specializing the parameters similar results can be 
derived in the case of -functions of two variables and H functions of r-variables, 
which include the result proved by Shahul Hameed (5, p. 70]. 

Abstract 
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The generalized Fox's H-function, namely I-function of r-variables introduced by Prathima, 
Nambisan and Santha Kumari (4] is defined and represented in the following manner: 

, 

,Nimyir. 
P.Qp-41iPpGr 

where o(S1, ,8,) and :(s;), i = 1,2, . ,r are given by, 

d(s1,, s,) = 

M. SUNITHA, P. C. SREENIVAS & T. M. VASUDEVAN NAMBISAN 

8:(si) 

Aj = 

j=l 

j=m+1 

j=1 

J=l 

j=n+1 

nË 

j=l 

i r(1-a, 

Also z - (i = 1, ,r), w = -1,mj, nj, Pj, ; (j = 1,** ,r), N, P,Q are non 
negative integers such that 0<N s P, Q 2 0, 0 < m; < qj, 0 < nj S P; 
G= 1,2,. ,r) (not all zero simultaneously). a G = 1,2,- ,P,i = 1,2, ,r), 
aG=1,2,. ,Q.i= 1,2, ---,r), , G = 1,2,...sP,i = 1,2,-* ,r) and 8 G= 
1,2, ,qj, i= 1,2, --- ,r) are positive numbers. a, (j = 1,2,. �P), b; (i= 1,2,·* ,@). 

G= 1,2, ,p;,i= 1,2,- , r) and d G= 1,2, ,q, i = 1, 2, ,r) are com 
plex numbers. The exponents A, G = 1,2, ,P), B, G = 1,2,'** ,@), C G= 

j=1 

The integral (1.1) converges absolutely if <arg(z:)| << TA,i= 1,2, -* ,r where 

P 

j=n+1 

+c"- c9>0. 
J=n1 

<0,i= 1, 2, - ,r. 

(1.1) 

(1.2) 

j=m+1 

+) 

1, 2, ,p;, i = 1,2,*. ,r) and D" G = 1,2, ,qi, i = 1,2, ,r) of various gamma 
functions may take non integer values. The I-function of r variables is analytic if 
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Notations and Results used: 

r(a+n) 

The aim of this paper is to derive generalized multivariate statistical distributions 
involving the density function as the I-functions. Special cases include the rsults 
given by Mohammed (4,p.164. 

(a), =o n 21 

NAS College, Kanhangad, India 
3 Departinent of nathematics, 

n= , n1. 

(a), stands for a(a + 1) (a+n -1) 

Abstract 

i(aj: aj, A,), stands for (a1:a, A1). (a2: a2, A2),** (api ap, Ap) 

Key Words : MuBtivariable I-functions, The probability density function, The cumulative distri 

bution function, Chancteristic function. 
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Prathima (7, p. 38. 
I-function of r-variables is defined and represented as, 

I|21,***,¿] = ;m.nm, n, 
Qp:41: Pr gr 

where o(s1, * * , &r) and 8,(s:), i = 1,2,-. ,r are given by 

o(s1,,s-) = 

P. C. SREENIVAS, T. M. VASUDEVAN NAMBISAN & MAYAP. V. 

8,(8;) = 

P 

r-s')ra-+) 
j=m,+1 

The I-function of r-variables is analytic if 

A, = 

/r(1-4,+É) 

j-1 

P 

j-1 

The integral (1.1) converges absolutely if jarg(:)| <A,7, i= 1,2, ,r, where 

- (-É4-yg 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

On taking D = 1 G = 1,2, , m;, i = 1,2, -- ,r) in (1.1), then 1-function will be 


