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Abstract. In this paper we present some results on K-frames when K € B(H) is
an injective closed range operator. Also we give a condition on K-frames {fn}nen
and {gn}nen so that {f, + gn}tnen is again a K-frame for H. Finally, Schatten class
operators are also discussed in terms of K-frames.

Keywords: K-frames, Schatten class operators.

1. Introduction

Frames in Hilbert spaces were introduced by R.J. Duffin and A.C. Schaffer.
Later Daubechies, Grossmann and Meyer gave a strong place to frames in har-
monic analysis. Frame theory plays an important role in signal processing, sam-
pling theory, coding and communications and so on. Frames were introduced as
a better replacement to orthonormal basis. We refer [2] for an introduction to
frame theory.

K-frames were introduced by L. Gavruta, to study atomic systems with
respect to bounded linear operators. K-frames are more general than classical
frames. In K-frames the lower bound only holds for the elements in the range
of K.

Some basic definitions and results related to frames and K-frames are con-
tained in section 2. In section 3 we have included some new results on K-frames.
Section 4 contains our main results relating K-frames and operators in Schatten
classes.

Throughout this paper, H is a separable Hilbert space and we denote by
B(H), the space of all linear bounded operators on H. For K € B(H), we
denote R(K) the range of K. Also, GL(H) denote the set of all bounded linear
operators which have bounded inverses.
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584 SITHARA RAMESAN AND K.T. RAVINDRAN

2. Preliminaries

For a separable Hilbert space H, a sequence { f, }neny C H is said to be a frame
([2]) for H if there exist A, B > 0 such that

n=00
Al <Y [, fu)l? < Bll]l?,
n=1

for all z € HIf A = B, we say that {f,}nen is a tight frame in H. Let
K € B(H). We say that {f,}neny C H is a K-frame ([3]) for H if there exist
constants A, B > 0 such that

n=oo
AE*z)* < > [, fu)* < Bllz||*,
n=1

for all z € H.

If {fn}nen C H is an ordinary frame for H, then {K f,}nen is a K-frame
for H ([5]). If T'€ B(H) and {fn}nen is a K-frame for H, then {T'f,}, cy is a
T K-frame for H ([5]). If {fu}nen C H is a K-frame for H, then {K f,}pen
is a KN-frame for H where N > 1 is a fixed integer ([5]). Fx(H) C Fy(H) if
and only if R(K) D R(M) where Fx(H), Far(H) denote the set of all K-frames
and M-frames on H ([4]). Also, we use the result: 7" € B(H) is an injective
and closed range operator if and only if there exists a constant ¢ > 0 such that
cl|z||? < ||Tz||?, for all z € H ([6]),in the proof of our main results.

3. K-frames
In this section we present our results on K-frames.
Theorem 3.1. Let K € B(H) be an injective and closed range operator.If
{futnen is a frame for R(K), then {K*fy}nen is a frame for H and hence
{KK*fy}nen is a K-frame for H.
Proof. Let {f,}ncn be a frame for R(K).Then there exist constants A, B > 0
such that, for all z € R(K),

n=od

Allz* < > Kz, fu)* < B>,
n=1

Also,by our assumption, there exists ¢ > 0 such that c||z||?> < |Kz|?, for all
x € H. Forz € H Kz € R(K), and we get

AllKz|* < ) [(Ka, fa)* < B| Ka|*
n=1
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Therefore,
n=oo
Acll|? < A|Kz|* < Y (K, fn)|* < B|Kz|* < Ba®|z|,
n=1

for all z € H and for some « > 0, i.e.

n=0o0

Ellzl> < > [, K* fa)|* < Fll2|?,
n=1
for all z € H where E = Ac > 0,F = Ba? > 0. Therefore, {K*f,}nen is a
frame for H and hence { K K* f,, }nen is a K-frame for H. O

Corollary 3.2. Let K € B(H) be an injective and closed range operator and
{fn}nEN C H be such that {(K_l)*fn}nEN is a frame for R(K)Then {fn}nEN
is a frame for H.

Theorem 3.3. Suppose {fn}nen is a K-frame for H where K* is an injective
and closed range operator. Then there exist constants A, B > 0 such that

n=00
AIK"al* < " (@, fa) > < BIK*a|?,
n=1

forallx € H.

Proof. Since {f,}nen is a K-frame for H, there exist constants C, D > 0 such
that

n=oo
CIE el* < ) o, fa)l* < Dla?,
n=1
for all x € H. Since K* € B(H) is an injective and closed range operator, there

exist d > 0 such that
2 2
dl|z||* < [[K™z[|%,

for all x € H. Therefore, for all x € H,

n=oo
CIIE z|* < Y (@, fu)* < Dl2|* < (D/d)| K"z,

n=1

for all x € H there exist A =C,B = D/d > 0 such that
n=oo
AIE"2|® < ) (@, fu)* < BIIK*z
n=1

O

Corollary 3.4. Suppose {fn}nen is a K-frame for H where K* is an injective
and closed range operator. Then {fn}nen is a frame for H.
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Definition 3.5. A sequence {fn}nen C H is said to be a 2K -frame for H if
there exist A, B > 0 such that

n=—oo
AK2|? < Y [z, f)? < B| K™%,

n=1
forallx € H.

Theorem 3.6. Let { f,}nen be a K-frame for H with bounds A1, B1 and {gn}nen
be a 2K-frame for H with bounds As, Bo such that 0 < By < Ay. Then
{fa+9ntnen is a K-frame for H with frame bounds A; — By and By + Ba|| K*|?.

Proof. By definition of K-frame and 2K-frame, we have

n=00
Al K2l <Y [, f)? < Billz)?
n=1

and o
Ao| K*)* <Y [, ga) P < B K%,
n=1
for all x € H. Consider,
n=oo n=oo n=oo
(1) Sl fat g <Y Ko fd)P+ > [ gn)
n=1 n=1 n=1
(2) < Billz|* + Ba| | K*z|?
(3) < (B1+ Bo|| K*|1?)||=]?,
for all x € H.
Consider,
n=00 n=o00
(4) S )P =D s fo + gn — gn) I
n=1 n=1
n=oo n=oo
(5) < |<$7fn+gn>|2+ Z |<x’gn>|2'
n=1 n=1

This implies that,

n=oo
A Kl < [, fo+ gn) P + Ba| K|
n=1

n=oo
ie. Y (@, o+ gu)* = (A1 = Ba)|| K ]|

n=1

where Ay — By > 0.This completes the proof. O
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4. K-frames and operators in Schatten classes

Definition 4.1 ([7]). Let T be a compact operator on a separable Hilbert space
H. Given 0 < p < oo, we define the Schatten p - class of H, denoted by
Sp(H) or simply Sy, to be the space of all compact operators T on H with its
singular value sequence {\,} belonging to IP.S,,(H) is a two sided ideal in B(H).

Following two theorems by H. Bingyang, L.H. Khoi and K. Zhu gives a
characterization for Schatten p-class operators in terms of frames.

Theorem 4.2 ([1]). Suppose T is a compact operator on H and 2 < p <
o0o.Then the following conditions are equivalent:

(a) T € Sy;
() {l|Tenll}nen € P for every orthonormal basis {en}nen in H;

() {ITfall}nen €17 for every frame {fn}nen in H.

Theorem 4.3 ([1]). Suppose T is a compact operator on H and 0 < p < 2.Then
the following conditions are equivalent:

(a) T € Sp;
() {lITen|| }nen €7 for some orthonormal basis {en}nen in H;

(e) {IITfnll}nen € 1P for some frame { fn}nen in H.
At first we focus on the case where 2 < p < 0.

Theorem 4.4. Suppose T is a compact operator on H and K € B(H). If T is
in the Schatten class Sy, then {||T fy||}nen € P for every K-frame { fn}nen in
H, where 2 <p < 0.

Proof. Suppose T € Sp, ,2 < p < o0.

Let {fn}nen be a K-frame for H and {e, }nen be an orthonormal basis for
H. Then {hp}nen = {fnltnen U{en}nen is a frame for H and {||Th,||}nen € 1P
2 < p < o0o. Therefore {||Tfunll}nen € I 2 < p < oo and the result is
proved. O

Theorem 4.5. Suppose T is a compact operator on H and K € B(H).If
T full}nen € P for every K-frame {fn}nen in H, then {|TKey| }nen € IP
for every orthonormal basis {en}nen in H, where 2 < p < 0.

Proof. Let {e,},en be an orthonormal basis for H. Then {Key}nen is a K-
frame for H. Therefore by our assumption {||TKey||}nen € 17,2 < p < co.Hence
{lITKey||}nen € IP for every orthonormal basis {e, }nen in H. O

Theorem 4.6. Suppose T is a compact operator on H and K € GL(H) and
2 < p < ©o.Then the following are equivalent:
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(a) T is in the Schatten class Sp;
@) {IITfull}nen € 1P for every K-frame {fn}nen in H.

Proof. Clearly, (a) implies (b) holds by Theorem 4.4. Now suppose (b) holds.
Then {||TKey|}nen € IP for every orthonormal basis {e,}nen in H. This
implies that TK € S,. Using the fact that S, is a two- sided ideal in B(H),
TKK™ !¢ Sp, i.e. T' € Sp. This completes the proof. O

Now we move onto the case where 0 < p < 2.

Theorem 4.7. Let T be a compact operator on H and K € B(H). Suppose
{IITen||}nen€lP for some orthonormal basis {en tnen C H. Then {||T fn||}nen €
P for some K-frame {fn}nen for H, where 0 < p < 2.

Proof. Suppose {||Tey|/}nen € [P for some orthonormal basis {e, }neny C H.
Then T' € S), which implies that TK € S, for any K € B(H). By Theorem
4.3, {||ITKey||}nen € IP for some orthonormal basis {e,},en in H. Now take
fn = Kep, so that { f, }nen is a K-frame for H and hence the theorem holds. O

Theorem 4.8. Let T be a compact operator on H and K € B(H),where K*
is an injective closed range operator. If {||T full}nen € P for some K-frame
{fn}nen for H, then T € Sy, where 0 < p < 2.

Proof. By Corollary 3.4,if K* is an injective closed range operator,then every
K-frame is a frame and then applying Theorem 4.3, we get T' € .S,. O
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Abstract Recent studies on K-frames show that parseval K-frames can be used to manage
data loss in signal communication. So the construction of parseval K-frames is desirable and
scaling is the easiest way for this construction. In this paper we deal with K -frames which can
be scaled to parseval K-frames and tight K'-frames and we term such K'-frames as scalable K-
frames and A-scalable K'-frames respectively. We prove some of the results related to scalable
K -frames. Also we give characterization result for scalable K'-frames.

1 Introduction

Frames in Hilbert spaces were introduced as a generalization of orthonormal bases, by R. J.
Duffin and A. C. Schaffer in 1956. Frames have their own advantages compared to bases. The
main advantage is the redundancy of frames. Frames span the whole Hilbert space, but the
representation of an element using frames need not be unique. This flexibility makes frames an
important tool in different areas of research, in theory and in application. Frame theory plays an
important role in signal processing, sampling theory, coding and communications and so on. We
refer 7] for an introduction to frame theory.

For different applications in theory and application, some special kinds of frames have been
introduced. One such frame is K -frame. The concept of K-frames was introduced by L. Gavruta
[6], to study atomic systems with respect to bounded linear operators. K -frames are more general
than classical frames. Although the span limit of K-frames is restricted to range of K, this
generality of K-frames makes K-frames practically important.

G. Kuttyniok, K. A. Okoudjou, F. Philipp, and E. K. Tuley in [4] introduced Scalable frames.
Scalable frames have a wide range of applications. Recent studies on K -frames shows that K-
frames can be used to deal with the problem of data loss in signal communication. Parseval K -
frames and tight K -frames are mainly used for this purpose. So we are interested in constructions
which modify a given K'-frame into a parseval K-frame or a tight K-frame. The easiest way to
get a K-frame from a given K-frame is by scaling the vectors. So it is desirable to have a
characterization of K-frames which can be scaled to parseval K-frames or tight K -frames. We
term such K'-frames as scalable K'-frames and A-scalable K -frames respectively.

Some basic definitions and results related to frames and K-frames are contained in section
2. In section 3 we have proved some lead off results on scalable K'-frames. Section 4 contains
our main result which characterizes scalable K -frames. Throughout this paper, H represent a
complex separable Hilbert space, B(H), the space of all linear bounded operators on H. For
K € B(H), we denote R(K) the range of K and D(K') the domain of K. Also, N denote the
finite or countable index set.

2 Preliminaries

In this section we give some basic definitions and results about frames and K -frames. For several
generalizations and applications in frame theory, refer [1, 2, 3, 9, 10].

Definition 2.1. [7] For a separable Hilbert space H, a sequence {f,}nen C H is said tobe a
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That is, there exist a non-negative bounded diagonal operator D in [*(N) such that KK* =
T D*Tr. Now for the converse, suppose there exist a non-negative bounded diagonal operator
D in [2(N) such that KK* = T} D*Tr. This implies that

(ai® +a2®)(f,er)er + as*(f.ex)ea = 2(f.er)e) + (f.e2)e2

and we get a,2 + a2 = 2 and a3® = 1. Then taking {a, }nen = {a1,a2.a3} = {1, 1,1} we get
{an fu}nen is a scalable K-frame.
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SOME RESULTS ON SCALABLE K-FRAMES

Sithara Ramesan and K. T. Ravindran

Abstract. We investigate the scalability of K-frames and derive a characterization for
scalable K-frames. We investigate whether or not a particular K-frame is scalable, as well
as the existence and uniqueness of sealings. Using the concept of trace of an operator, we
analyse the possible scalings, if a given K-frame is scalable. In C", we look at the scalability
of K-frames independently.

1. Introduction

Frames in Hilbert spaces were introduced by R. J. Duffin and A. C. Schaffer while
working on nonharmonic Fourier series. Later Daubechies, Grossmann and Meyer
gave a strong place to frames in harmonic analysis. Frame theory have wide range of
applications in signal processing, sampling theory, coding and communications etc.
Both orthonormal bases and frames in separable Hilbert spaces can be used to express
any vector in the Hilbert space. However, the advantage of frames over orthonormal
bases is their redundancy. Some particular types of frames have been suggested in
theory for various applications. One such frame is K-frame. Notion of K-frames were
introduced by L. Gavruta, to study atomic systems with respect to bounded linear
operators. K-frames are more general than frames. The span limit of K-frames is
restricted to R(K). Scalability of frames was introduced in [6].

In this paper we study about the scalability of K-frames. Recent studies on
K-frames show that Parseval K-frames can be used to manage data loss in signal
communication. So the construction of Parseval K-frames is desirable and scaling
is the easiest way for this construction. In this paper we deal with K-frames which
can be scaled to Parseval K-frames and tight K-frames and we term such K-frames
as scalable K-frames and A-scalable K-frames, respectively. We prove some of the
results related to scalable K-frames. Also we give characterization result for scalable
K-frames.

2020 Mathematics Subject Classification: 42C15, 4TA63
Keywonds and phrases: Frames; K-frames; scalable K-frames.
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10 Scalable K-frames

This implies 3 _,,a;, = 1. 0O
THEOREM 5.3. Let {f,},en be a scalable K-frame in C" wnth | f,|| = lrfor all j.
Then M has a subset N such that {f;},en ts scalable and {f,f," };en 18 lincarly
independent,

Proof. Using Theorem 5.2, we get, H_I\_H5 € con{f;f;"};en. From Theorem 2.6
and Theorem 2.7, it follows that there exists a subset J C M such that W c

con{f;f;"}jes. and {f;f;" };cs is linearly independent.
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Abstract

The object of this paper is to obtain the r-integrals involving the I-functions of
several variables. On specializing the parameters similar results can be derived in
the case of I-functions of two variables and H functions of r and two-variables which
include the result proved by Prasanth and Nambisan [2, p.102].

1. Introduction
Notations used:
1(aj; aj, A;)p stands for (ay; ay, Ay), (ag; az, Az), -, (ap; ap, Ap).
The generalized Fox’s H-function, namely I-function of r-variables introduced by Prathima,
Nambisan and Santha Kumari [3, p.38] is defined and represented in the following man-

ner:

Key Words : I-function of two and several complex variables, Multivariable H -functions.
2000 AMS Subject Classification : 45 A 05.
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36 M. SUNITHA, P. C. SREENIVAS & T. M. VASUDEVAN NAMBISAN

_ O Nmy g smye nye
Iz, 2] = Tp PQ: m:qul--.pnqr
4 | iajia ol ol 45)p : 1D, Y C s 1D A O
z | 1058, 87, Bj)g : 1(d, 8" D) ;-1 1D, 887, D),
ey /L i Or(s1) - - 0r(sr) @(s1,---,8r) 27" -+ 2,8 dsy -+ dsy, (1.1)
1 r
where ¢(sy,---,s,) and 6;(s;),i = 1,2,--- ,r are given by
A L)
jl;[ll" i (l_aj+i=zla‘j Si)
‘b(sls v |3r) = Q v ] P . ] ' (12)
JIR (1 -bi+ X ﬁf,—”si) ] FA (aj —% a;ljsi)
j=1 i=1 1=N+1 i=1
m; (i) . : ni (1)
_]'[l[‘D:' (dﬁ'}—éﬁ’}si) _]'[l ré (1- (‘)+‘yj‘) i)
0i(si) = —— = : (1.3)
i (1) i i Pr (1)
I P -dY +6s) 1 TS (ci® — )
J=mi+1 j=ni+1

Also z; #0 (i =1, 1), w = J—_l,mj,-nj,pj,q_,- (j =1,-+,r), N,P,Q are non-
negative integers such that 0 < N < P, Q@ > 0,0 < m; < ¢, 0 < nj < p;
(j = 1,2,---,r) (not all zero simultaneously). a.{‘} = 1,2, Pyi = 52,00 1),
BY (G=1,2-,Qi=12-,r),2 (=12 ,p,i=12-,r)and & (j =
1,2, ,qi,i=1,2,..- ,'r)areposutlvenumbers. aj(j=1,2,--- ,P),b; (j =1,2,--+,Q),
Cfii] (j=1,2‘---,p,-,i=],2,---,r)anddgn (j=12,--+ ,qi,i =1,2,.-  r)are complex

numbers.
The exponents 4; (j = 1,2,--- ,P), B (j = 1,2,---,Q), C\¥ (j = 1,2, ,pi,i =
1,2,-++,r) and D;i] =12 ,¢,i=12,--.,r) of various gamma functions may

take integer values. The I-functioi of r-variables is analytic if

P ' Q y 12 . ; o . ;
U= A0 =5 B;AY + 34 =S DY <0i=1,2,-0 1
j=1 j=1 j=1 j=1

The integral (1.1) converges absolutely if |arg(zi)| < %WA,‘,I' =1,2,--+,r where

Z A ﬂ:{l) ZB 6(‘) _l_ZD[‘)Jl} i D;t)ts;l)

J=N+1 j=mi+1
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AN EXPANSION FORMULA FOR THE [-FUNCTIONS OF
SEVERAL VARIABLES

| M o) SREENIVAS', T. M. VASUDEVAN NAMBISAN? AND VIDYA T. M.*
' Department of mathematics,
Payyanur College, Payyanur,
Kannur District, Keraln-670327, Indin
? Retired Professor & Head, Department of Mathematics,
NAS College, Kanhangad, India
4 Department of mathematics.
Mahatina Gandhi College, Iritty, Kannur District, Keraln, India

Abstract

In this paper an expansion formula for the I-function of several varinbles has been
obtained. Many interesting new results can be obtained by specializing the param-
eters of the f-functions of several variables.

1. Introduction
Notations and Results used :
(@), stands fora(a+1)---(a+n—1)
1(u_,-:nf,-”, . .njr"',AJ)p stands for (ay;al", .. al", A)), (ag;al”,

. 1 '
|ﬂt{2'lir‘h]1'“ -(r.'-y:ﬂi-j,“' 1”.54”:‘4."}

Koy Words : - function of several variabies,
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48 P. C. SREENIVAS, T. M. VASUDEVAN NAMBISAN & VIDYA T. M.

(”’]u = W’H nzlL “-”

The generalized Fox's H-function, namely I-function of r-variables introduced by Prathima

1

Nambisan and Santha Kumari [6, .38] is defined and represented as

21,y 2] = Dpgpiipllen™
1 f 1 ] 1 r
2 | a(agial? el A (e G (e &% G )
i 4l 4lr) D) S Dy L) gle),
| (B0 B Byg (A 5 DI )y (a7, 60 DI,

= m:-r_l..ﬁr'fr.;"'.f}.f Or(sy) - Oc(se)p(s1, o 8p)2) o 2)rdsy - dsy,

(1.2)
where ¢(s1,++ ,8) and 0;(s,),i =1,2,.-- . » are gi\ron by,
[""I l—a;+ nms
i
@("’l-"' 1.:;'.} = 1= =l - " N {13}
al1) i
Jljl £ (1 - bj + lg:l JJI Hl) .l=1:‘:’I+lr|‘J“l (HJ B lgl ”j RI)
ﬁ FD-' [:{f{” '5{ }q*} I‘I I-'L" {l {l} "}“}. }
0i(8) = " 5 : (1.4)
1 sl i)
l"'[ r”.l (I '-d..{;l +§j']g|) 1-[ I—tf { i.'l:l J_).: ]. ]
J=m+1 J=n,41
Alsoz; Z0(i= 1, ,7), w = V=1, my.nypi.q; (J = 1,--- ,r), n,p,qare non-negative
integers such that 0 < n < p,g>0,0<m; < g, 0< n; < pi (G=12,-+,7) (not all

zero simultaneously).
‘”u—12 spi=120r), B (=120 qi=1,2, ),

‘,J (=12 pyi=012..r) and 6}'} G =12--,¢,i =1,2,--+,7) are
positive numbers,

a G =02-.p), b (G=012,9), ¢ (G=12- pyi=12-.r) and
r!j'] (=12 ,4ii=12--,r) are complex numbers. The exponents A (j =
L2 p). By (= 1,2, ,q), O (=12, i = 1,2, ,r) and DV (j =
1,2+ q,i = 1,2,---r) of various gamma functions may take non integer values.

The [-lunctiion of r-variables is analytic if

P L ! P : ) i
D SYTUII SEYILNS ST IS o DA
j=1 j=1 j=1

1=1
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ON LINEAR GENERATING RELATIONS INVOLVING
[-FUNCTIONS OF r-VARIABLES

© © GREENIVAS!) T. M. VASUDEVAN NAMBISAN? AND T. M. VIDYA’
! Department of Mathematics,
Payyanur College, Payyanur, Kannur District, Kerala-670327, India
2 Retired Professor & Head,
Department of Mathematics NAS College, Kanhangad, Kerala, India
3 Department of Mathematics,
Mahatma Gandhi College, Iritty, Kannur District, Kerala, India

Abstract

The object of this paper is to derive four linear ger
{- functions of r-variables. Special cases include the result

2.

serating relations involving the
proved by Lawrynovicz

1. Introduction

Notations and Results used :

(a), stands for ala +1) - (a+n-=1)
1 (r 1 (r)
l{r:J:rtin.--- ,rhjr}: A;), stands for (n,:nll Sy .rll”:a‘l;],{ﬂg:ﬂ:{! ,ooe g ' Az,
1 ! (r).
" (ﬂ.J,,:lrr}J Voo (a+p nj, d e (ap s Ap)

1> 1. (1.1)

_ Mo+ n) '
(@)n = Ma)

of r-variables, H-function of r-variables.

Key Words : {- function

2000 AMS Subject Classification : 45 A 05,
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78 P. C. SREENIVAS, T. M. VASUDEVAN NAMBISAN & T. M. VIDYA

'Nl-o-n) )

T~ (@) (13

Z {“):f”" — )= (1.3)
n=()

Zmrmuw =({1+8)7". (1.4)

The generalized Fox's H-function, namely I-function of r-variables introduced by Prathima,

Nambisan and Santha Kumari [3,p.38] is defined and represented as:

. o [.I..'\':m..,n;.--- iy Ty
"["l' .z,-] . IP.Q:}'I L e

3 | afagal el Ae (Ve (04000,

a8 BBy o (A 8 D) iy (@67 D),

jL B I BT PR R A (1.5)
1 s

- 2wy

where ¢(s1,-- ,s,) and 8;(s;),i = 1,2,..- ,r are given by

N r
I1TA(1- aj+ 3 ni']!:]

elonye ) = 4= = (1.6)
JIrsa-b+ 2L a%) 11 M, - Zais)

n r(ll(d{] d-{ ) 8;) 1-1 rl"‘ i) (li +,.f{'l %

Bi(s) = —1= t (1.7)
l:l-"l}

p' (1) | &0 ol m
2" 0-d?+6%) fi 16" -

J=m,+1 J=ni+l1

Also z, # 0 (i = 1,--- ,P)w = n..f—IJnJ,_.n_,,pJ,r;., (7 =1,---.r), N,P,Q are non-
negalim integers such that 0 < N < P, Q > -, 0 < mj < q;, 0 < n; < py

{(j = «+,r) (not all zero sunultmwuu-il\) n” (=012 Pi=12--,r),
gl (J— 1,2, ,Qi=12:-r), j" (G=12- pi=12-r)andd (j=
L2, qii=1,2,--- ,r)are positive numbers. a; (j = 1,2,--- , P),b; (j = 1,2,---,Q),
A i=1,2,pyi=12-,r) and d? (j =12, ¢:i =12 r) are com-
plex numbers. The exponents A (j =12,....P), B; (j =12,---.Q). C.';" G =



Reprint ISSN 0973-9424

INTERNATIONAL JOURNAL OF
MATHEMATICAL SCIENCES
AND ENGINEERING
APPLICATIONS

(IJMSEA)

J,“”.
7 @ 1)
8 ASCENT 8

Pne, v



Iuternational J. of Math. Sc. & Engeg. Appls. (IIMSEA)
ISSN (07324, Vol 135 No. | (June, 2019), pp. B7-%

I- FUNCTIONS AND HEAT CONDUCTION IN A SQUARE
PLATE

P. C. SREENIVAS!, T. M. VASUDEVAN NAMBISAN? AND P. V. MAYA®
' ! of Mathematics,
Payyaour College, Payyanur, Kanour District, Kerala-G70327, India
! Retired Professor & Heal,
Department of Mathematies NAS College, Kanhangad, Kerala. India
¥ Department of Mathematics,
Maliatina Gamdhi College, Iritty, Kanour District, Kerala, liddia

Abstract
The object of this paper is to obtain a solution of a heat conduction problem in
n square plate by using the belp of I-functions of several variables. Special cases
inchude the results proved by Ambika A [1] and 8, 5. Srivastava and Ritu Srivastava
(G ,p.TH-50)].

1. Introduction
Notations and Results used

(@), stands for a{a +1)---{a +n - 1)

(an) = ﬂ;;_—,;l"'-,m =1

i(ayi0j. Aj)p stands for (ag: 0y, Ay, (a2, 09, Az), - -~ (ap: o, Ap).

S ————

Key Words . Multivariable [-functions , Multivariable H-functions and Heal conduction i a

sguare plaie,
2000 AMS Subject Classification : 45 A 06,
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88 P. C. SREENIVAS. T. M. VASUDEVAN NAMBISAN & P V. MAYA

The I- function of r-variables introduced by Prathima, Nambisan and Santha Kumari
[4,p.38] is defined and represented as:

Nm Rj i~ e Mg
Iz, oz = I?’Qm.u - P
21 | afay; nt ), f,":ri,]p:l {r:ﬂ“ (1), C‘“'],,:-- T er"hrJ C{r]h-r
: {1.1)
all lr i 1 oo :
Zr l{bj;’jj Fyes "'j,: :B))p ':djfl ‘5.: }:D;l']“:‘_‘ 3 I:d:. ,.ﬂj }:Dj D
l u] ]
= [hu]rfL fL Or(s1) - B (8e)d(s1.- - ,8p)2]" - 22 ddsy - -, ds
1 "
where
FAJ. 1-—& i ﬂ[l
J];ll \ _igl.
ﬂ:l{-?h.,_ “9?} - (1‘2}
(P50 + T 4% 1] TG, - Foff
j=p i=N+1 =1
l—lrﬂrJ[d{} « s)nf{;{l m _,-'i::l
Bi(s)) = Fl ‘ (1.3)
]-[ Fﬂjl[l _d_[l' +Jjﬂﬂ.] [—[ l-(" {c{" m
J=mi+l J=m 41

o 2 20 (i=1,--- r)w = ':.,f"—_l.mj.F.J.;.-_,.:;Lll U =1---,r), N,P,Q are non-
negative integers such that 0 € N < P, Q>0 0 < m; € ¢, 0<n <p,
(G = 12, ,r) (not all zero simultancously), al) G = 1,2, Pi=1,2...y),
B (=12 ,Qui=12-- 1), 1 U=12-pi=12- r)and 6" (j =
L2,--- . ¢i,i=1,2,.-.  r) are positive mumbers. a (=12 P)b(j=12-.-,Q),
r:_lr" =12 p,i=12--. 1) and d:" =12 g:i=12,... , T} are com-
plex numbers, The exponents A G=12---.P), B (j=12-- Q). (‘;" =
1,2, pii = 1,2, 1) and Dﬁ" U=0L2-,9i=12.--.r) of various gamma
functions may take non integer values.

The I-function of r-variables is analytic if

Q

P L]
o) Z 18, + 3 C0 T -3 DY <0,i=1,2

=1 =] y=1 =1

]
:t..
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AN INTEGRAL INVOLVING THE PRODUCT OF AN
INCOMPLETE GAMMA FUNCTION, GENERALIZED STRUVE’S
FUNCTION AND I-FUNCTION OF r-VARIABLES

M. SUNITHA', P. C. SREENIVAS? AND T. M. VASUDEVAN NAMBISAN®
P Department of Mathematics,
Govt. Brennen College, Dharmadam, Thalassery,

Kannur Dist, Kerala -670106, India

2 Department of Mathematics, Payyanur College, Payyanur,
Kannur Dist, Kerala- 670327, India

3 Retired Professor and Head, Department of Mathematics,

NAS College, Kanhangad, Kerala, India

Abstract

The object of this paper is to evaluate an integral involving the product of an
Incomplete Gamma function, Generalized Struve's function and the [-function of
several complex variables, On specializing the parameters similar results can be
derived in the case of I-functions of two variables and H functions of r-variables,
which include the result proved by Shahul Hameed [5, p. 70].

1. Introduction

Notations used:

1{aj; aj, Aj), stands for (ay;a;, Ay), (a2; a2, A2), -+, (ap; ap, Ap).

Key Words : Incomplete Gamma function, I-function of two and several complex variables,
Multivariable H functions, Generalized Struve’s function.
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2 M. SUNITHA, P. C. SREENIVAS & T. M. VASUDEVAN NAMBISAN

The generalized Fox's H-function, namely I-function of r-variables introduced by Prathima,

Nambisan and Santha Kumari [4] is defined and represented in the following manner:

.‘[:|.---.x.|
() (v P SR s VI i) (), or)
IFIll.n'\‘.rn'.u].---;mr.ra,-‘[_z_l_ ‘ :ln,:n) vrraay A ey ey ey TG i aley ey 'C.I Ipe
PLQipy i iBe Gr " r r r
| a8 B a8 D g sty 6T D),
I -
= — é colp (g lo(ay, e ap) syt 2T day - dag, 11
el Jl’;l _/;1_ 1{a1) - Bplar)o(ay )=y £ day A (1.1
where ¢(sy, -+ ,s,) and 8;(s;),i =1,2,--- ,r are given by,
LAy L,
jl:[ll" 3 l—aj-r-;ﬂ-j 8;
d(s1, 0, 8) = . (1.2)

2 B L) R L)
BEESI]L U=k 0 Py 0ai ) T]LEE aj -3 %
j= =

i=1 j=N-+1 is
m, L} u: i n; (@) l -
H FDL J(Cﬂ,':' — J{ ]"ii) H ]_—\CJ. (1 . t!‘(j] + n',‘:_']sl.}
bufs) = —d=L =
i\¥i) = qi p'v i) (i) Pi o, () = .
J=£:I+lr ' (l_df" _Hsj Si)j=!a—[+1r ! (‘:jt -7 5i)

Also z # - (i=1,---,1), w= -./—_l,mj,n_.,-,pj-.qj (j =1,---,r), N,P,Q are non-
negative integers such that 0 < N < P, @ =2 0,0 €< m; < ¢q;, 0 < nj < p;
(j = 1,2,-++,r) (not all zero simultaneously). a}” (j =1,2,---,Pi = 1,2,--.,71),
B9G =1,2 - ,Qi=12-,r), %" (=12 ,pyi=12-,r)and & (j =
1,2,-++ ,qj,i = 1,2,--- ,r) are positive numbers. a; (j=1,2,.--,P),b;(i=1,2,--- ,Q),
r;?) (=12 ,piyi=12---,r) and df?-i) (j =12 ,gii=12---,r) are com-
plex numbers. The exponents A; (j = 1,2,---,P), B; (j = 1,2,---,Q), C}i} (j =
1,2, ,pi,i=1,2,--+ ,r) and D;i} (=12 ,¢,i=12,--,r) of various gamma

functions may take non integer values. The I-function of r variables is analytic if
P . Q ; Pi N i g
U= 400 -3 BAY + 30 - Y DPEY <0i=1.2000 1
j=1 i=1 i=1 i=1
The integral (1.1) converges absolutely if |arg(z;)| < 3 < 7A;,i =1,2,--- ,r where

P Q m4 T
_ (i) (i) (1) g1} (1) (1)
A = — Y 46 -3 880+ DI - Y DO
j=1

j=n+l1 7=l j=m;+1

ny ) ) Pi p .
Srep- 3- a0
5=

j=“|+1
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APPLICATIONS OF /-FUNCTIONS OF SEVERAL VARIABLES

IN STATISTCAL DISTRIBUTIONS

P, C. SREENIVAS', T. M. VASUDEVAN NAMBISAN? AND MAYA P. V.
! Department of nmhamnt.l:l’
Kannur District, Kerala-670327, India
2 Retired Professor & Head, Department of Mathematics,
NAS College, Kanhangad, India

3 Department of mathematics,
Mahatma Gandhi College, Iritty, Kannur District, Kerala, India

Abstract
The aim of this paper is to derive generalized multivariate statistical distributions
involving the density function as the /-functions. Special cases include the results
given by Mohammed [4,p.164].

1. Introduction
Notations and Results used :
(a), stands for ala+1)---(a+n—1)
(a)o = B85, n > 1
1(aj:a;, A;)p stands for (a3: a1, A1), (a2: a2, Aa), - . (api ap, Ap)

_ [(n+1)
"—_I:n_' n>l.

Key Words : Multrvariable I-functions, The probability density function, The cumulative distni-

bution function, Characteristic function.
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38 P. C. SREENIVAS, T. M. VASUDEVAN NAMBISAN & MAYA P. V.

Prathima 7, p. 38|.

I-function of r-variables is defined and represented as,

f[zl! e |zr] . I{]i:g:::l.l’;:::"'
1 1 1
2 | sl 0 4))p o ()20 (€0,
: gl r 1 1 3
2 (bj: 5} ) ... --'JJI ]:BJ)Q o (d_{,-”,t'i‘- ]:D; ]}m'-“' ‘ (ﬂ'ﬁr}-ﬂﬁr}=D}”)¢,

Gy Joa o Ju, 01(31) - Or(sr)0(s1, -+ L sp)2)t oo sy - sy,

(1.1)
where ¢(sy, - ,s;) and #;(s;).1 = 1,2,--- ,r are given by.
J\' r
[1T04 (l —-a;+ 3, ni"s,)
D81, . 8y) = - - : . (1.2)
ﬁ re, (l —b; + Eﬁj'}s,) I1 r4 (aj, -3 ﬂ;”a[)
1=1 i=1 j=N+1 i=1
'ﬁ' ri(d — 60, n r" (11— e +51s)
0i(s;) = m : , (1.3)
i ro'a- d + 608 [P, 1 T (&) =1 1s)
J=m,+l1

The I-function of r-variables is analytic if

P L0
=Y 450} Es,ﬁ“‘ - ZC‘"* W -3 D" <0i=1,2-r
p

i=1 J-1

The integral (1.1) converges absolutely if larg(zi)| < %d.w. i=12--,r, where

o (), D ) £0) &) el
A = (- £ AV }_jsjaj+zjujaj- > DU
j=n+l i-1 J—m+l

(1.4)

=1 J=n,+1

n
+ 300 Z c® ;uﬁa) 50

On taking D{” =1 (j = 1.2.-++ ,my.i = 1,2.--- ,r) in (1.1). then I-function will be



